A number of years ago, Kumar Murty pointed out to me that the computation of the fundamental group of a Hilbert modular surface ([7], IV, §6), and the computation of the congruence subgroup kernel of SL(2) ([6]) were surprisingly similar. We puzzled over this, in particular over the role of elementary matrices in both computations. We formulated a very general result on the fundamental group of a Satake compactification of a locally symmetric space. This lead to our joint paper [1] with Lizhen Ji and Les Saper on these fundamental groups. Although the results in it were intriguingly similar to the corresponding calculations of the congruence subgroup kernel of the underlying algebraic group in [5], we were not able to demonstrate a direct connection (cf.
1. Let k be a number field and let S be a finite set of places of k, which contains the infinite places S ∞ . Let G be a connected, absolutely almost simple, and simply connected algebraic group defined over k.
Fix a faithful representation ρ : G −→ GL N defined over k. Let O the ring of S-integers, and set
A subgroup Γ ⊂ G(k) is an S-arithmetic subgroup if it is commensurable with G(O).
For any nonzero ideal a ⊆ O, set
A subgroup Γ ⊂ G(k) is an S-congruence subgroup if it contains Γ(a) as a subgroup of finite index for some ideal a ⊆ O. These two definitions are independent of the choice of ρ. Let M a , respectively M c , be the set of S-arithmetic subgroups, respectively S-congruence subgroups, of G.
We recall the definition of the congruence subgroup kernel as explained in [2] . Taking each of these sets to be a fundamental system of neighbourhoods of 1, we define two topologies, T a , respectively T c , on G(k). Let G(a), respectively G(c), denote the completions of Denote by N a the set of normal subgroups of finite index of G(O), and by N c the set of principal S-congruence subgroups G(O). These define the topologies T a , respectively T c , on G(O) as well. Then we can regard G(O, a) and G(O, c) as inverse limits:
Since every S-congruence subgroup is also S-arithmetic, we have homomorphisms G(a) → G(c) and G(O, a) → G(O, c). They have a common kernel, C(S, G), called the congruence subgroup kernel . In particular, we have the exact sequence
The congruence subgroup problem asks whether every S-arithmetic subgroup of G(k) is an S-congruence subgroup. The congruence subgroup kernel measures to what extent this is the case.
2.
The reference for the definitions in this section is [1] , §4. Set H = Res k/Q G, and let X ∞ be the symmetric space associated to H.
Then X is a contractible, locally compact metric space. The group G acts isometrically on X. Any S-arithmetic subgroup Γ ⊂ G(k) is a discrete subgroup of G and acts properly discontinuously on X. Proposition.
Proof. According to [1, Corollary 5.3] , if Γ ∈ M a and Γ is neat, then
Since the groups Γ ∈ M a , Γ neat are cofinal in M a , For any ideal a ⊆ O consider the exact sequence
Taking projective limits over the ideals a and comparing the result with (1) we see that
As well,
Under these rank assumptions, we obtain a simple topological realization of C(S, G).
is a simply connected covering of X 
